To solve the no-wait flow shop scheduling problem with make span criterion, a two-phase heuristic algorithm was presented. In the first stage, the NawazEncore-Ham (NEH) algorithm was exploited to solve the original and reverse problem to find a better schedule as the initial solution. In the second stage, a swapbased local search was used to quickly improve the solution obtained. Last, the experimental results of benchmark instances indicate the effectiveness of the proposed algorithm. Compared with NEH, the average percentage relative deviation value by this method is decreased by 1.14%, and the average running time is just equal to 0.023 s.
Introduction
Production scheduling is a decision-making process that plays a critical role in manufacturing and service industries. It deals with the allocation of available production resources to tasks over given time periods, aiming at optimizing one or more objective. The no-wait flow shop scheduling problem is an important branch of 'zero buffers' scheduling problems. It arises due to the processing characteristics of certain products, where each process follows the previous one immediately. This type of problem widely exists in practical production systems, such as metals, electronics, chemicals, plastics and food-processing industries [1] .
In this paper, we mainly focus on the no-wait flow shop problem with make span criterion. The minimization of the make span or the maximum completion time is the most common and popular measure of the performance. Using the three-field notation, m-machine no-wait flow shop problem can be denoted by
. This kind of problem is strongly NP-hard for more than two machines [3] . Therefore, exact algorithms such as branch-and-bound and mixed-integer linear programming can optimally solve the small-size problems. For decades, much more effort has been devoted to searching high-quality solutions in a reasonable computational time by heuristics [4] [5] [6] [7] and metaheuristics [1, [8] [9] [10] . The purpose of this work is to present a two-phase heuristic (TPH) algorithm for the max | | Fm nwt C problem. The effectiveness of the proposed method is tested on 31 benchmark problems with different sizes.
Problem Formulation
The problem is defined as follows. There are n jobs to be processed on m machines to minimize the make span. In the no-wait flow shop, the processing of each job has to be continuous from start to end without interruptions either on or between machines. This means, when necessary, the start of a job on a given machine is delayed in order that the operation's completion coincides with the start of the next operation on the subsequent machine.
Notation
To introduce the model, the required notations are described as follows. 
Mathematical Model
Using the above notations, the max | | Fm nwt C problem can be formulated as a mixed-integer linear programming.
, 1 , ,
Equation (1) is the objective function to minimize the makespan. Constraint (2) indicates that the completion time of the last job πn on the last machine m is makespan. Constraint set (3) ensures that a job does not start on a machine until its predecessor has completed processing on that machine. Constraint set (4) ensures that the completion time of a job on a given machine must be equal to the starting time of the job on the next machine. Constraint set (5) shows that the relation between pij and Pik. Constraint set (6) ensures that each position of schedule is assigned exactly once for all jobs. Constraint set (7) ensures that each job is assigned exactly once for all positions. Constraint set (8) and (9) define the domains of the decision variables.
3 Problem-Solving Strategies
Reversibility Property
It is well known that the regular flow shop scheduling problem has the reversibility property: the makespan does not change if the jobs traverse the flow shop in the opposite direction, in reverse order [11] . As a particular case of the regular flow shop problem, the no-wait flow shop problem also meets this property. By graph representation, it is easy to prove that the reverse problem is equivalent to its original problem. Therefore, the existing algorithms can be used directly to solve the reverse problem.
Solution Strategies
The NEH [12] was recognized as the highest performing heuristic for the permutation flow shop scheduling problem to minimize the makespan. On the basis of equivalence relation and the NEH algorithm, three strategies can be exploited to solve this problem:
(1) Forward scheduling-based NEH (FNEH): use the NEH to solve the original problem; (2) Backward scheduling-based NEH (BNEH): use the NEH to solve the reverse problem; (3) Forward-Backward scheduling-based NEH (FBNEH): combine FNEH and BNEH to obtain a better schedule.
The Proposed Algorithm
The proposed algorithm is a two-phase heuristic. In the first stage, FBNEH is used to generate an initial solution. In the second stage, a swap-based local search is exploited to improve the solution obtained.
Solution Representation
In the proposed algorithm, each solution is represented by a string of numbers consisting of a permutation of n jobs denoted by 1, 2… n. This permutation-based encoding is commonly used in most of the literature for flow shop scheduling problem. Suppose that one solution is represented by {4, 5, 3, 2, 1}, which means that the processing sequence is job 4, job 5, job 3, job 2 and job 1.
Makespan Calculation
For a given solution 
Initial Solution
In this paper, FBNEH will be used to obtain a better schedule as the initial solution.
The NEH algorithm was implemented in matlab, as shown in Fig. 1 . 
Local Search
A swap-based local search procedure is applied to the initial solution to generate a new solution. There are mainly two neighbourhood exploration strategies: first improvement and best improvement. In this paper, we adopt the latter one. The local search algorithm was implemented in mat lab, as shown in Fig. 2 . 
Experimental Setup
The test problems used in the experiments are 31 benchmark problems from Carlier [13] , Reeves [14] and Heller [15] with different sizes, which were also studied in the literature [1, 8, 9] . The comparison was performed using three algorithms: FNEH, BNEH and FBNEH [8] . These four algorithms were implemented in Mat lab 8.3 on a PC with Intel core i3 3.4 GHz processor and 4GB memory. In this study, the performance of the proposed TPH algorithm is evaluated by two indices: (1) CPU time (ms), (2) percentage relative deviation (PRD). PRD can be calculated by the following formula:
where TPH C is the makespan generated by the proposed TPH, whereas ref C is the optimal value reported for the Car01 to Car08 instances and upper bounds for the Rec01 to Rec41, Hel01 and Hel02 instances by Rajendran [5] .
Computational Results
The numerical comparisons of FNEH, BNEH, FBNEH and the proposed TPH algorithm are given in table 1. It can be seen from table 1 that the overall mean values of PRD is equal to -2.28, which is better than those generated by FNEH, BNEH and FBNEH. However, the difference in the overall mean values of PRD between FNEH, BNEH and FBNEH is very small. For the average computational time in which an algorithm finds the final solution, the TPH is slower than the other three algorithms, but the average time is just equal to 0.023 s. 
Conclusions
In this paper, we examined the max | | Fm nwt C problem with makespan criterion and some properties. The problem is known to be strongly NP-hard for more than two machines, therefore most contributions to the problem have focused on finding approximate solutions in a relatively short time. In our work, a two-phase heuristic (TPH) was developed to solve this problem. To evaluate the performance of the TPH algorithm, it was tested on the well-known benchmark problems from Carlier, Reeves and Heller. Computational results show that the proposed TPH algorithm outperforms the other three algorithms in terms of the overall mean values of PRD.
Some important directions for future research as follows. First, the proposed algorithm can be applied to no-wait flow shop scheduling problems with different objective functions. Second, the application of the same heuristic technique to max | | Fm nwt C in real-life situations such as steel production is worth further research. Third, the reversibility property and swap-based local search can be used to develop a metaheuristic for max | | Fm nwt C .
